The pulsars B1534+12 and B1913+16 are two unique neutron star binaries exhibiting a wide range of relativistic phenomena that are impossible to detect in other systems. They constitute an exquisite observational ground on which theories can be tested. To date, the timing observations of B1534+12 and B1913+16 have been successfully used to test the strong field regime of relativistic gravity by measuring and then comparing with theory the evolution of the orbital elements of the pulsars. In this paper we develop a method that allows us to detect the timing signature of yet another relativistic phenomenon, the geodetic spin precession, and derive the misalignment angle between the orbital angular momentum and the spin vector of the pulsar, an important quantity that can be used to assess the degree of asymmetry of the supernova explosion that created the pulsar. Although we demonstrate that observations of PSR B1534+12-using the Penn State Pulsar Machine and the Mark III system-do not yet have a sufficient time span to detect precessional effects in the timing, we show that in about 10-25 years we will be able to get a good grasp on the misalignment angle of this pulsar. This may seem a long time to wait but in fact is typical for timing relativistic binary pulsars and, as in the case of PSR B1913+16, patient observing will eventually turn out to be very rewarding.
INTRODUCTION
The radio pulsars B1534+12 and B1913+16 are relativistic binaries, each consisting of two neutron stars (NS), in which the observed pulsars exhibit rapid rotation. A general examination of motions occurring in such systems allows one to establish how each of the two bodies' spin influences their orbital motion and how their motion in curved spacetime influences their spin (for a review see Damour & Taylor 1992) . As it turns out, even for a rapidly rotating neutron star the spin-induced deviations from geodesic motion can be neglected (Will 1993) . However, this is not the case for the effects belonging to the second category, the most prominent of which is the so-called geodetic precession. This phenomenon is a consequence of the curvature of space around a rotating body and can be described by the equation
where X is the spin vector andL L is a unit vector in the direction of the total angular momentum L. However, since the orbital angular momentum is much larger than the spin of both neutron stars, the vector of orbital angular momentum J is practically fixed in space and for our purposes can replace L in the above equation (see, e.g., Hamilton & Sarazin 1982) . Thus,
whereĴ J is a unit vector in the direction of the orbital angular momentum and É prec denotes the angular frequency of precession and is given by
where m 1 and m 2 are the pulsar and companion masses, M ¼ m 1 þ m 2 , and a, e, and P orb are the orbital elements: semimajor axis, eccentricity, and period (all given in SI units), respectively (Barker & O'Connell 1975a , 1975b . The spin vector X precesses around J with the frequency É prec as long as X is not parallel to J, i.e., , the misalignment angle between X and J, is different from zero ( Fig. 1) . The misalignment angle is a conserved quantity in this motion.
In the absence of spin precession the magnetic moment of the pulsar, l, exhibits simple rotation (Fig. 2) . According to the rotating vector model (Radhakrishnan & Cooke 1969) appropriate for dipole magnetic fields, the observed pulsed emission occurs when the pulsar beam sweeps past the line of sight (Fig. 3) . The geodetic precession induces additional motion of the magnetic moment that changes the latitude and longitude at which the observer's line of sight crosses the beam. Consequently, for highly relativistic binaries, one expects variations in intensity and separation of pulse components and in pulse polarization characteristics (Damour & Ruffini 1974) . Obviously, detecting such variations is not easy, as the expected precession periods for such NS-NS systems are on the order of hundreds of years (Barker & O'Connell 1975b) . However, once detected, the geodetic precession-induced profile variations can be used to estimate the misalignment angle and hence provide an important constraint on properties of the progenitor system and on the degree of asymmetry of the second supernova explosion (see, e.g., Hughes & Bailes 1999; Wex, Kalogera, & Kramer 2000) .
Secular changes in the intensity ratio of the pulse components of PSR B1913+16 that could be attributed to geodetic precession were first reported by Weisberg, Romani, & Taylor (1989) , following the predictions by Damour & Ruffini (1974) and Esposito & Harrison (1975) and the solution of the gravitational two-body problem with spin by Barker & O'Connell (1975a , 1975b . However, subsequent attempts by Cordes, Wasserman, & Blaskiewicz (1990) to detect precession-induced variations in the polarization signatures of the pulsar were unsuccessful. The misalignment angle for PSR B1913+16 was determined to be ¼ 22
þ3
À8 deg by Kramer (1998) based on the detection of a significant change in the separation between pulse components. Encouragingly, the anticipated variations in the intensity ratio of the pulse components of PSR B1534+12 have been measured by Arzoumanian, Taylor, & Wolszczan (1999) and Stairs et al. (2000c) .
The pulse-profile-related indicators are not the only available experimental means to detect geodetic precession and to subsequently determine the misalignment angle. Since the effect manifests itself as a periodic rotation of the pulsar beam, its signature in the pulse timing provides the most fundamental precession indicator. In fact, the first highly probable case of a free precession of a neutron star was initially detected in its timing observations (Stairs, Lyne, & Shemar 2000a) .
In this paper, we present a theoretical approach to the problem of a geodetic precession signature in the pulse timing observations that span only a fraction of the entire precession period. We show that this signature can be parameterized in terms of higher order derivatives of the pulsar spin period (see also Kopeikin, Doroshenko, & Getino 1996) and possibly measured on a 10-30 year timescale that is obviously much more practical than the precession periods for PSR B1534+12 and PSR B1913+16, predicted to be 700 and 300 yr, respectively. In x 2 we derive suitable formulae describing the timing variations generated by geodetic precession and show how to incorporate them in the timing model to obtain information on the pulsar's geodetic -Geometry of geodetic precession in the inertial reference frame O ¼ fi; j; kg defined by the orbital angular momentum vector J; n is the direction to the observer, X is the pulsar's spin vector, i denotes the orbital inclination defined here as the angle between J and n, is the misalignment angle between J and X and ðtÞ is the precessional phase. Fig. 2. -Geometry of the spin and the magnetic moment vectors in the reference frame O 0 ¼ fi 0 ; j 0 ; k 0 g defined by the spin vector X; is the angle between X and the magnetic moment vector l (l points in the direction of the observable magnetic pole), ðtÞ is the pulsar's rotational phase. Fig. 3 .-Geometry of pulse emission; X is the pulsar's spin vector, l is the magnetic moment vector pointing in the direction of the observable magnetic pole, n 0 is the direction to the observer, is the angle between X and l, is the angle between n 0 and X, is the impact parameter and is the opening semiangle of the beam. A schematic cone and core beam cross section and the resulting pulse profile are also shown. precession and misalignment angle. In x 3, we present an updated timing model for PSR B1534+12 and use it in x 4, together with the published data for PSR B1913+16, to constrain the geometry of geodetic precession of these two neutron stars.
THE EFFECT OF GEODETIC PRECESSION ON THE PULSE TIMING
In the reference frame O 0 ¼ fi 0 ; j 0 ; k 0 g defined by the pulsar's spin vector X (Fig. 2) , the motion of the magnetic moment l, which points in the direction of the observable magnetic pole, is given by lðtÞ ¼ sin cos ðtÞ; sin sin ðtÞ; cos ð Þ ;
where ðtÞ is the rotational phase, È psr ¼ 2 (where ¼ 1=P psr ), P psr is the pulsar's period, and 0 is the rotational phase at the epoch t 0 . The angle is the angle between the spin and magnetic moment vectors.
In the reference frame O ¼ fi; j; kg, defined by the orbital angular momentum vector J (Fig. 1) , the spin vector X precesses around J. We can also assume that the direction toward the observer n is in the plane defined by the unit vectors i and k. Thus
where i is the orbital inclination defined as the angle between J and n. In the frame O, the motion of the magnetic moment l is a superposition of its rotational motion in the frame O 0 and the rotation of that frame with respect to the inertial frame O. The problem of finding timing variations due to precession has been analyzed in the case of free precession (e.g., Nelson, Finn, & Wasserman 1990; Jones & Andersson 2001) . The approach presented there assumes that a pulse is identified in the frame O whenever the magnetic moment l crosses the plane containing the direction toward the observer and the orbital angular momentum vector-that is, whenever the azimuthal angle of the vector l equals that of the observer (in the frame O). Clearly, this is neither a necessary nor a sufficient condition for observing a pulse. First of all, in order to detect a pulse it is necessary for the angle between the magnetic moment l and the direction to the observer n to be less than or equal to the opening semiangle of the beam, (Fig. 3) . It does not suffice that both vectors (l and n) lie in the same semiplane. Second, a pulse can be observed even though the magnetic moment vector does not cross the plane that contains the vectors n and J. In other words, one can imagine an orientation of the spin vector X in the inertial reference frame O for which the beam crosses the plane containing the vectors n and J (and thus a pulse is observed) but the vector l does not. One can avoid these issues by analyzing the problem in the reference frame O 0 which is corotating with the precessional motion. Namely, in the frame O 0 the direction to the observer is given by
where ðtÞ and 0 are the precession phases at the respective moment t and the initial epoch t 0 , É prec is the angular precession rate, and is the misalignment angle (Fig. 1) . The above relations are obtained by simply rotating the vector n ¼ ðsin i; 0; cos iÞ-first around the axis k by the angle À ðtÞ and then around the axis j by the angle À. This way, a pulse is identified when the magnetic moment l crosses the plane defined by the vectors n 0 and X and, at the same time, the angle between n 0 and l does not exceed the opening semiangle . Clearly, the direction toward the observer n 0 (i.e., as seen from O 0 ) is not constant and is responsible for the motion of the plane of the observer in the reference frame O 0 . Because of that, the times of observed pulses will be systematically altered. This effect can be quantified by the azimuthal angle of n 0 , Â given by tan ÂðtÞ ¼ n 
Now, assume that at the epoch t 0 a pulse was observed, so
If a subsequent pulse was observed at the moment t, then this pulse was delayed/ advanced by the amount of ÂðtÞ=2 ¼ ÂðtÞ À Â 0 ½ =2 of the pulsar period, because ÂðtÞ is simply the additional fraction of the pulsar's turn that is necessary for the magnetic moment to cross the observer plane. It follows that ÂðtÞ is the effective timing signature of the geodetic precession.
Given the time span of available timing data for B1534+12 ($10 yr; Stairs et al. 2002) and B1913+16 ($30 yr; , we are only interested in the behavior of ÂðtÞ on short timescales. Specifically, we have D É prec ðt À t 0 Þ5 1 for the timescales ðt À t 0 Þ in question, and thus ÂðtÞ can be expanded in the Taylor series with respect to D:
Since for the millisecond pulsars the rotational phase is very well determined by a simple spin-down model, the evolution of a rotational phase for the precessing pulsar can be modeled as
where dÈ psr =dt is the first derivative of the pulsar's rotational frequency and ÂðtÞ is given by equation (8).
Consequently the quantities
make small contributions to the rotational frequency of the pulsar and its first derivative and hence cannot be separately determined. However, the parameter
can in principle be measured as a '' second derivative '' of the rotational frequency-that is, as the effect that is changing
No
Note that in order to compute the theoretical values of dÂ=dt; d 2 Â=dt 2 ; and d 3 Â=dt 3 it is more convenient to use the relations cos ÂðtÞ ¼ n
rather than equation (7). For example, the set of equations
can be used to solve for the derivatives of Â over D and to find dÂ=dt; d 2 Â=dt 2 ; and d 3 Â=dt 3 . Finally, also note that for two specific configurations, ¼ i; 0 ¼ 0 and ¼ À i; 0 ¼ , the parameters dÂ=dt; d 2 Â=dt 2 ; and d 3 Â=dt 3 are not defined. This happens when n 0 crosses X (i.e., it goes through the point n 0 x ¼ n 0 y ¼ 0) and ÂðtÞ discontinuously changes its value.
From the above considerations it follows that dÂ=dt; d 2 Â=dt 2 ; and d 3 Â=dt 3 are functions of i, , and 0 -the orbital inclination, the misalignment angle, and the precessional phase at the epoch t 0 . However, in order to observe a pulse, the angle between the magnetic moment l and the direction to the observer n 0 cannot be larger than the opening semiangle, , of the beam. In other words, if we define the impact parameter (the angle between l and n 0 at their closest approach; Everett & Weisberg 2001) as
where is the angle between X and n 0 (Fig. 3) , a pulse can be observed if jj . Note that for not precessing (and observed) pulsars this condition is always satisfied. However, for a precessing pulsar the value of the impact parameter will change with time and at some point the pulsar may become unobservable (Kramer 1998) . Effectively the angle constrains (through the impact parameter) the allowed values of the parameters dÂ=dt; d 2 Â=dt 2 ; and d 3 Â=dt 3 .
THE TIMING MODEL OF PSR B1534+12
PSR B1534+12 has been timed with the Arecibo telescope since its discovery in 1990 (Wolszczan 1991) . Before the Arecibo upgrade (1990-1994) the pulsar had been timed at 430 and 1400 MHz with the Princeton Mark III back end, which utilized two 32 channel filter banks to dedisperse the incoming signal (Stinebring et al. 1992) . After the upgrade (1997 November), the PSR B1534+12 timing resumed with two new back ends: the Princeton Mark IV coherent dedisperser (Stairs et al. 2000b ) and the 128 channel filter bankbased Penn State Pulsar Machine (PSPM; Cadwell 1997). The most recent timing analysis of the Mark III and Mark IV data, a discussion of the relativistic effects in this binary system, and the resulting updated tests of general relativity have been presented by Stairs et al. (2002) . Details of the time-of-arrival (TOA) measurement and modeling procedures with the TEMPO software package 1 applied in our analysis are also included in this paper and will not be repeated here. A description of the data acquisition with the PSPM back end can be found in Wolszczan et al. (2000) .
In order to use the existing data to detect or set useful limits to any TOA variations that have not been accounted for in the relativistic timing model for PSR B1534+12, one has to achieve a precise phase-up of the pre-and post-upgrade TOA measurements. Ideally, one would need to correct the observed TOAs for any phase offsets resulting from the utilization of different data-acquisition back ends during these two periods and to properly account for a pulse phase change between the beginning of 1994 and the end of 1997 caused by a systematic, long-term decline of the pulsar's dispersion measure (DM; Stairs et al. 2002) . To obtain a properly phased, two-frequency TOA set spanning the entire 1990-2002 observing period, we have proceeded as follows.
Because the initial PSPM timing data for PSR B1534+12 were taken already in 1994, in parallel with the Mark III back end, we were in position to phase-connect the preupgrade Mark III data and the post-upgrade PSPM measurements at 430 MHz. Since the measured +22 ls offset between the 1994 and 1997 PSPM data is consistent with the observed $À0.001 pc cm À3 yr À1 decrease of the dispersion measure of the pulsar, we have assumed that any instrumental contribution to the observed phase offset should be small enough to be ignorable. The corresponding 1400 MHz TOA measurements were phased up by experimentally determining the offset between the pre-and the post-upgrade data sets and by compensating for it in the TOA modeling process.
We have determined the dispersion measure of PSR B1534+12 using the three-frequency TOA measurements obtained with the PSPM in 1997-2000 at 430, 1130, and 1400 MHz. To compensate for offsets caused by the instrumental broadening and the intrinsic frequency dependence of the template pulse profiles, we have aligned them by iterating the DM fit to TOAs at the three pairs of observing frequencies until the successive template alignments yielded a DM value that agreed for the three frequency pairs within the measurement error. An appropriate template profile alignment for the pre-upgrade Mark III observations at 430 and 1400 MHz was achieved by making all the relevant phase offset measurements relative to the initial phase of the post-upgrade PSPM TOAs.
We have least-squares fitted the relativistic, theoryindependent timing model of Damour & Deruelle (1986) to the phase-adjusted, two-frequency TOA set described above, using the TEMPO analysis code (see also Stairs et al. 2002) . The model fitting was performed in a series of iterations starting with a fit for DM with all other model parameters held fixed at their initial values. In the next step, all model parameters were fitted for with a fixed DM obtained from the initial iteration. This procedure was then repeated until variations of the best-fit parameter values became insignificant. The final model including the spin and the astrometric parameters of the pulsar, as well as the five '' post-Keplerian '' relativistic parameters of the orbit is presented in Table 1 . The best-fit residuals shown in Figure 4 are characterized by an rms value of 5.5 ls. The DM variations shown in Figure 5 are parameterized in terms of the best-fit DM value and its seven time derivatives, also listed in Table 1. The timing model for PSR B1534+12 derived from the Mark III and the PSPM TOA measurements agrees within errors with the recently published model based on the Mark III and Mark IV data (Stairs et al. 2002) , despite the fact that the 430 MHz TOAs included in our analysis are biased by small, apparently orbital phase-dependent, systematic errors (e.g., Arzoumanian 1995) . The recent convincing detection of a predicted orbital phase dependence of the interstellar scintillation patterns of PSR B1534+12 (Bogdanov et al. 2002) , gives support to the idea that systematic effects seen in the 430 MHz TOAs measured with the filterbank-based hardware are probably caused by a combination of an imperfect post-detection dispersion removal and time-variable scintillation characteristics of the pulsar (e.g., Stairs et al. 1998) . Table 1 ).
CONSTRAINTS ON THE GEODETIC PRECESSION GEOMETRY

PSR B1534+12
The detection of geodetic precession in PSR B1534+12 represents a considerable challenge because of the long, 700 yr precession period of the pulsar. Although the pulse profile variations attributable to geodetic precession have been detected (Arzoumanian et al. 1999; Stairs et al. 2000c), they are not yet sufficient to set useful limits on the magnitude of the precession signature in the timing data. Moreover, the inclusion of a direct fit for the second rotational frequency derivative ð2Þ in the timing model did not produce a statistically significant result. To constrain this parameter, we have performed a search for the 2 minimum in the domain of ð2Þ using the fixed best-fit timing model of Table 1 . As shown in Figure 6 , the 2 minimum at ð2Þ ¼ 0:7 Â 10 À30 s À3 has the 3 range of À8; 9 ð ÞÂ10 À30 s À3 which is too wide to yield any significant constraints for geodetic precession.
We have performed simulations of the future timing observations of PSR B1534+12 to predict a minimum time span of the data necessary for a significant ð2Þ detection. As shown in Figure 7 , the present best-fit value of ð2Þ will become $30% accurate after another 25 years of continuing observations. Nevertheless, it is instructive to use this value as an example to demonstrate constraints that can be put on geodetic precession with the aid of the pulse timing and polarization data.
The allowed values of the parameters constraining the geometry of the geodetic precession are 2 0; ½ , 2 0; ½ , 0 2 0; 2 ½ , i 2 0; ½ . Timing observations of PSR B1534+12 give i ¼ 78=4 or i ¼ 101=6 (Stairs et al. 2002) , and polarimetric observations yield two plausible orientations of the magnetic moment, ¼ 103 and ¼ 114 (Arzoumanian et al. 1996) , with the corresponding impact parameters (at the epoch around 1992) of À2=4 and À19 . The remaining two parameters, and 0 , can take any value within the intervals [0, ] and [0, 2], respectively. The value of the second derivative of rotational frequency ð2Þ can be used to put limits on 0 , especially on the misalignment angle . Namely, the theoretical values of 2 ð Þ ¼ 1 2
can be computed as a function of and 0 . This is shown in Figure 8 for the orbital inclination of i ¼ 78=4, the magnetic inclination of ¼ 114 , and the impact parameter of ¼ À19
, and in Figure 9 for ¼ 103 and ¼ À2=4: solid white lines give the values of (, ) that predict exactly the simulated '' measured '' value of ð2Þ , while the black regions predict values of ð2Þ that fall within 3 ð2Þ of the '' measured '' value. Finally, since the impact parameter is also a function of (, ), we can apply the known value of the impact parameter together with its error to select the allowed solutions. For the purpose of this test, we use the value of À19 (Fig. 8) and À2=4 (Fig. 9 ) and assume the measurement error of 3 . The allowed solutions for (, ) fall in the area where the impact parameter is within the 3 interval of À19 or À2=4 (the area between the dashed white lines in Figs. 8 and 9 ). This finally limits the sought solution for to four areas of the plane (, ) that correspond to the values of % 30 , 100 , 130 , or 160 . This procedure can be easily repeated for the other values of the orbital and magnetic inclinations as well as for the subsequent rotational frequency derivatives ðnÞ ; n ¼ 3; . . ., if measured. 
